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ON WELL-QUASI-ORDERING-FINITE GRAPHS 
BY IMMERSION 
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It has b~en conjectured by Nash-Williams that the class of all graphs is well-quasi-ordered 
under the quasi-order "< defined by immersion. Two partial results are proved which support this 
conjecture. (i) The class of finite simple graphs G with G~I~K~,~ is well-quasi-ordered by "< ,(ii) 
it is shown that a class of finite graphs is well-quasi-ordered by ~ provided that the blocks of its 
members satisfy certain restrictive conditions. (ln particular, this second result implies that "<: is a 
well-quasi-order on the class of graphs for which each block is either complete or a cycle.) 

1. Introduction 

In the present paper only finite (undirected) graphs without loops and mul- 
tiple edges are considered. All graph theoretical terms which are not defined here 
are used in the sense of B~ndy--Murty [I]. For graphs G and H, we write Gis<=H 
if there is a subgraph of H that is isom~ rphic to a subdivision of G. A result of 
J. B. Kruskal [6] which is known as/he tree theorem states the following. If 7"1, T~ . . . .  
is an infinite sequence of (finite) trees, then there exist positive inte~ ers i,j such that 
i<j and Ti~'< T I. A short proof of this theorem was obtained by Nash-Williams 
[10]. The tree theorem was first conjectured by A. V~zsonyi, to~ether with another 
conjecture which is still open. This second conjecture was that, for every infinite 
sequence G1, G.z . . . .  of graphs in which every vertex has de~ree -<3, there exist 
positive integers Lj such that i<j and Gs<Gj. In [11], Nash-WiIliams suggested 
a more general conjecture concerning a relation -< which is defined as follows. 
For a graph G, V(G) and E(G) denote the set of vertices and edges, respectively; 
let further, P(G) denote the set of paths which are contained in G as sub~raphs) 
and which have lengAh at least one. For graphs G and H, an immersion ¢p: G - H  
is a mapping cp: V(G)UE(G)--,V(H)UP(H) such that the following conditions 
hold. 

(i) cp(v)EV(H), ~p(e)EP(H) for all vEV(G) and eEE(G), 
(ii) the restriction of q~ to V(G) is a one-to-one mapping, 

(iii) for each e=(v, w)EE(G), ¢p(e) is a path from cp(v) to cp(w) which con- 
tains no vertex ~p(u) other than q~(v) and cp(w) (uE V(G)), 

(iv) the paths 9(e) (eEE(G)) are pairwise edge-disjoint. 
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Let G'<H if there exists an immersion (p: G ~ H .  In [l 1], Nash-Williams 
conjectured that, for every infinite sequence G1, G2 . . . .  of graphs there exist positive 
integers i , j  such that i<:j and Gi'<Gj. (See also Nash-Williams [12].) Note that 
G,'<H always implies G'<H; further, if G and H are either both trees or both 
graphs in which every vertex has degree -<3, then G<:H and G~<=H are equiv- 
alent statements. Thus the above conjecture of Nash-Williams, if true, implies 
both the tree theorem and V.4zsonyi's (second) conjecture. 

It is convenient (and common practice) to discuss the above conjectures in 
terms of well-quasi-ordered classes. A binary relation -< on a class Q is called a 
quasi-order if -< is reflexive and transitive. For example, the relations ~'< and -< 
are quasi-orders on the class of all graphs. A class Q is well-quasi-ordered (wqo) by 
<= if =< is a quasi-order and if, for every infinite sequence q~, qz . . . .  of elements 
of Q, there are i, jEN such that i < j  and qi<=qi. (We shall also refer to the pair 
(Q, <-) as a quasi-order or a well-quasi-order (wqo). N denotes the set of positive 
integers.) 

One possible way to obtain (at least) partial results on the conjecture of 
Nash-Williams is that of studying classes of graphs G for which G)I':_H holds for 
some fixed graph H. A similar approach was made by Mader [9] for a related quasi- 
order ~,~ which is also known as the minor hTclusion relation (terminology of [I5]). 
H is a minor of  G (H, ,~G)  if a copy of H can be obtained from a subgraph of 
G by contracting some of its edges. Mader [9] proved that the class of all graphs 
G with " -  - G~=I_=,,K: . is wqo by m_---. (Ky is the graph that resulls from the complete 
graph Ka by deletion of an edge.) Htinseler [4] extended Mader's result by showing 
for several other (but finitely many) planar graphs H that the class of graphs G with 
G)}-_,,H is wqo by ,,'<. Recently, Robertson and Seymour made great progress on 
the problem of well-quasi-ordering by ,,'< (see e.g. [13, 14, 15]). One of the main 
results of these authors is that, for each planar graph H, the class of graphs G with 

>' i G=I:.,H s wqo by ,,<~. In the present paper the following is proved. 

t-:.'~l-K, is wqo by "<. Theorem 1. The class o f  graphs G with '-'=t= 2,s 

S~me of the methods used for the proof of this theorem are similar to those 
of Mader [9]. In addition, a second result is proved which states that a class of graphs 
is wqo by ___ provided that the blocks of its members have certain properties as 
specified in Section 4. Further, we remark that it is easy to construct an infinite 
sequence of graphs G1, G2, .. such that (i) Gi~=I~=G j for each i, jEN ( i< j )  and 
(ii) each block of Gi is a triangle (iEN). (See e.g. [5, 15] for similar constructions.) 
In particular, this shows that the class of graphs considered in Theorem 1 is not 
wqo by ~___. 

2. Notat ions and preliminary results 

Our notations are essentially the same as those of Bondy--Murty [1]. Thus 
there are just a few conventions that need some explanation. The letter G always 
denotes a graph. The vertex set of a graph is assumed to be non-empty. 7(v, G) 
denotes the degree of v in G (rE V(G)). A path P with V(P)= {vi:i= 1 . . . .  , n}, 
E(P)  = {(vi, %+0: i= 1 . . . . .  n -  1} is sometimes written as P=(v l ,  v~ . . . . .  %). Anal- 
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ogously, we write (vl, vz . . . . .  v,, v ,+l=vl)  for cycles. We shall consider graphs 
rather than isomorphism classes of graphs; in this sense, K, (Kin,,) stands for a fixed 
complete (complete bipartite) graph (n, mEN). For a subgraph HC= G, we will also 
write G - H  instead of G - V ( H ) .  For HC=G, let C be a component of G - H ;  let 
further N:=  {rE V(H): (v, x)EE(G) for some xE V(C)} and let B be the graph 
that is induced in G by the vertex set V(C)UN.  Then B is called a branch of  H 
in G. A rooted graph is a pair (A, a) where A is a graph and aE V(A); a is called 
the root of (A, a). If  ~0: A ~ B  is an immersion, then ~0(A) denotes the graph that 
is the union of the vertices q~(v) and the paths ~o(e) (rE V(A), eEE(A)). As in [11, 
isolated vertices of G are accepted as blocks of G. 

Let (Q, _-<) be a quasi-order. Let FQ be the class of finite sequences of elements 
of Q, and let Q* be the class of finite subsets of  Q. For members al . . . .  , ak and 
bl . . . . .  b,, of FQ, let al . . . .  , ag  -<F bl . . . .  , b, if there is a subsequence bi(x) . . . . .  bi(k) 
of bl . . . . .  b~ such that i (1)<. . .<i(k)  and a,,<=b~(,,) for m = l  . . . . .  k. Similarly, 
for f * A, B~Q let A~-*B if there exists a one-to-one mappin~ (p of A into B such 
that a<-~o(a) for each aEA. Further, let (Q~,_---~) ( i=1 ,2)  be quasi-orders, 
and let Q~×Q~. be the Cartesian product. For (a~,a~), (b~,b2)EQ~×Q2, let 

< . .  ( i=1,2) .  The relations - J  _<-*, and -~IA<~ (al, a2) ~1 A --~2 (b~, b2) if a~ =,b . . . . .  
are quasi-orders on FQ, Q*, and Qt×Q~., respectively. A sequence qi (iEN) of  
elements of Q is called a good sequence of(Q, <=) if there are j, mEN such that j < m  
and qj<-qm; otherwise, it is called a bad sequence of (Q, <=). Let 7:: Q ~ N U  {0} 
be a mapping, qi (iEN) is called a minimal bad sequence of (Q, <-_) (with respect 
to rr) if the following conditions hold. (i) q~ (iEN) is a bad sequence of (Q, =<), 
(ii) if pi (iEN) is a sequence of elements of Q such that, for some hEN, u(p,,)< lr(q,) 
and pz=q~ for each i<n, then p~ (iEN) is a good sequence of (Q, -~). Let S be a 
finiteset. For a, bES, define a <=trb iff a=b. Then S i s w q o b y  -<t~. The relation 
< =t~ is called the trivial well-quasi-order on S. 

In Lemmas 1 and 2, we collect some well-known results on well-quasi-or- 
dering. For the proof of Lemma 1, see e.g. Higman [3, Theorem 4.3] and Nash- 
Williams [10]. Lemma 2 can be proved by standard arguments. (See e.g. Nash- 
Williams [10] or Mader [9].) For the reader's convenience, we give a proof of Lemma 
2 (b). 

Lemma 1. Let (Q, <=), (Qi, <=;) ( i= 1, 2) be well-quasi-orders. Then 

(a) Q1xQ2 is wqo by <=1A <-2, 

(b) Q* is wqo by <=*, 

(c) FQ is wqo by <=F. I 

Lemma 2. Let (Q, _~) be a quasi-order which is not a well-quasi-order and let ~: Q ~  
~ N U  {0} be a function. 
(a) Then there exists a mhffmal bad sequence of  (Q, <=) with respect to iv. 
(b) Let q~EQ (i= 1, 2 . . . .  ) be a mhffmal bad sequence of (Q, <-) with respect 
to lr and suppose that pIEQ (i=1, 2 . . . .  ) is' a sequence for which there exists a 

function f : N ~ N  such that pi<=qf(~) and rt(pi)<Tr(qf(o), i = 1 , 2  . . . . .  Then the 
set P:={pi :  iEN} is wqo by the restriction of  <- to P. 

Proof of Lemma 2 Co). Let p~kEP, k =  1, 2 . . . . .  Pick mEN such that f(im)<-f(ik) 
for each k>=m and consider the sequence qt, q2 . . . . .  qf(i,,i-1, Pi,,, Pi,~+a . . . . .  This 
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sequence is good since ql (iEN) is a minimal bad sequence and n(pi,)<n(q~.(;,,)). 
Consequently (since q,~-ql ( i< j )  is impossible) qj<-_p~ for some j,  k (1 <=j<f(i,,), 
k>=m) or p~,<=p~, lot some n, 1 (m_-<n<l). But the former is also impossible since 
it would imply q~<-p~<=qf(~,,), j<f(i~)_~f(i~). Hence we have proved that the 
sequence Pi~ (k= 1, 2 . . . .  ) is good. II 

In the following we shall only consider minimal bad sequences of (possibly 
rooted or labelled) graphs where n is the function which assigns to a given graph 
its number of edges. Thus we shall always drop the suffix "with respect to zr" thereby 
meaning that the sequence under consideration is minimal with respect to the edge 
number. 

For a class z¢ of graphs and a quasi-order (Q, -<), let ~¢(Q) be the class of 
pairs (A, ~.) where A~¢" and 2: V ( A ) - Q  is a function. The members of zg(Q) 
are called labelled graphs. For (A, 2), (B, tt)Esg(Q), let (A, 2)~(a, =<)(B, p) if there 
exists an immersion q~: A - B  such that 2(v)~t~(~p(v)) for each v~V(A). This 
defines a quasi-order on ~¢(Q). Adopting the terminology of [15], we say that ~¢ 
is well-behaved, if, for each well-quasi-order (Q, _) ,  the class ~¢(Q) is wqo by "<(e, ~)" 

3. The Proof  of  Theorem 1 

In the following Lemmas 3, 4 and 5, the structure of graphs G with G~I=K2,3 
is investigated. Lemmas 6 and 7 contain well-behavedness results on 2-connected 
graphs G with G~=K.,3. 

Lemma 3. Let c be a cut vertex of a graph G and let Bt, B2 be distinct blocks of 
G such that c~ V(Bk) (k= I, 2). I f  7(c, B~)->3 ( k = l ,  2), then G>'K2,3. 

Proof. Let bk.jC V(Bk) ( j =  l, 2, 3) be distinct neighbours cf  c ( k = l ,  2). Since 
B , - c  is connected, we can find a path Pk==Bk--c that joins two of the vertices 
bk,1, bk.z, bk,~ and avoids the third; w.l.o.g, let bk, iCP, ( k = l ,  2). Moreover, 
we can find a path P[==B~-c that starts in bk,1 and has just one vertex in common 
with Pk ( k = l ,  2). Let vk=PkOP[ (k=  1, 2). Then v~bx. , ,  for a certain m~ {2, 3}. 
One easily verifies that there exists an immersion ~o: K,,3~G which maps the 
vertices of K2,z onto {vl, v~, bi.1, bx,,,, b2,x}. I 

A graph is outerplanar if it can be drawn in the (Euclidean) plane such that 
all vertices are on the boundary of the same face. Outerplanar graphs can be charac- 
terized as the graphs G for which G~_~K4 and G~=[=,K2,,~. (See e.g. [2].) 

Lemma 4. Let G be a 2-connected graph with K4 ~ G~=I=K~..3. Then 
(a) G~=[=~Ka (and, consequently, G is outerplanar), 
(b) G has just one H~milton cycle C, 
(c) if  (v, v0, (v, v2)£E(G)\E(C) (VlCV.0, then (v~, vz)EE(C), 
(d) V(v, G)~_4 for each vC V(G). 

Proof. (a) and (b) are easy (and well-known) consequences of the facts that G is 
2-connected, GaI=~K.z. 3 and G~K4. Therefore the proofs are omitted. For the 
proof of (c), assume that (v, vx), (v, v2)~ E(G) \E(C)  (vl~v2) and (vl, vz)~ E(C). 
Then we can find xiE V(G)\{v, v~, vz} ( i= 1, 2, 3) such that va, x~, va, x2, v, xa 
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is the cyclic order in which these six vertices appear on C. Then, clearly, we can 
find an immersion go: K~.3-G mapping the vertices of K_~,3 onto {v~, v~, x~, x~., x~}. 
Hence (c) follows. But then (d) is an immediate consequence of (c). II 

For each integer n>_-2, let F, be the graph with V(F,)= {1, 2 . . . . .  n} and 
E(F,)={(i , j ):  l<-[i-jl_-<2} (see Fig. 1). (It is not hard to verify that F,,.'I~K., ~, 
n=>2; however, this will not be used for the proof of Theorem 1.) 

2 4 6 8 10 12 

Fig. 1. FI~ 

As a consequence of Lemma 4 we get the following. 

Lemma 5. Let G and C be as in Lemma 4. Let P be a component of G - E ( C )  
such that n := IV(P)] =>2 and let S be the graph that is induced in G by the vertices 
of P. Then 
(a) S ~  F,,  
(b) there are exactly two branches B~, B2 of S in G, 
(c) B~NS~K2 ( i=1,2) ,  
(d) ?(v, B,)=2 for each vE V(Bif3 S)  ( i= l, 2). 

Proof. By Lemma 4 (d), 7(v, G--E(C))<--2 (vEV(G)) and therefore P is a path 
or a cycle. I f  n=3 ,  then the lemma clearly follows from Lernma 4. Let n~4 .  If  
P were a cycle, say, P=(v~, v2 . . . .  , v,, v,+l=Vl), then (vl, vz), (v2, v4)EE(C) by 
Lemma 4 (c); this contradicts Lemma 4 (a), and therefore P is a path (vl, vz . . . .  , v,). 
Let S" be the graph wilh V(S ' )={v l , v  2 . . . .  ,v,,}, E(S')={(vi ,  vj): l - < l i - j [ ~ 2 }  
and let P~=(vl, v~ . . . .  ) (respectively, P2=(v2, va . . . .  )) be the path ~ S '  which 
is formed by the vertices with odd (even) subscripts. Then, by Lemma 4 (c), P, ~ C 
( i=  1, 2). Further (by Lemma 4 (a)) the paths P1, P, are placed on C such that 
v~, va, v4, v,, is the cyclic order in which these vertices appear on C. From this one 
easily concludes that Lemma 5 holds. (We leave the details to the reader.) I 

Let G and S be as in Lemma 5. Then S is called a separator of  G. 

Lemma 6. Let G r be the class of  graphs F such that FmF,  for some n>- 2. Then 
o~ is well-behaved. 

Proof. Let (Q, ~ )  be a well-quasi-order and let (A i, 2~) ( i= 1, 2 . . . .  ) be a sequence 
of labelled graphs such that A~F, ,(o and 2~: V(A~)~Q. Denote the vertices of 
A~ by vi, 1 . . . . .  V i , n ( i )  , where v~,~ is the vertex that, under an isomorphism A~F, , (o ,  
corresponds to the vertex k(V(F,(~)), i =  1, 2 . . . . .  It is easy to verify (by Lemma 
1 (a), (c)) that we can find i, jE N (i<.1") such that there is a mapping go: V(A~)~ V(Ai) 
with the following properties. (i) If k is odd and go(v~,k)=vj ..... then m is odd, (ii) 
if k is even and go(V~.k_~)=Vj, m, then go(v~,k)=vj,,,+~, (iii) if q)(vl.k)=vj .... 
go(vi,.)=vj, . for k < ~ ,  then m</~, (iv)).i(v)<=2j(go(v)) for each v(V(A,).  It is 
left to the reader to construct the corresponding immersion ~: A ~ A j  such that 
~(v)=cp(v) for each vEV(Ai). | 
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Lemma 7. The class 3~" of 2-connected graphs G with K4~ G ~=~_K2,~ is well-behaved. 

Proof. Let (Q, =<) be a well-quasi-order and let 3¢" be the class of "double rooted" 
labelled graphs (A, al, a2,2), where A63C, 2: V(A)~Q, and al, a~EV(A) is an 
ordered pair of  roots with (a 1, a2)EE(A). (Thus we shall distinguish between 
(A, a 1, a z, 2) and (A, a 2, a l, ),).) For (A, a x, a 2, 2), (B, b j, b 2,/I)~.,T", we write 
(A, a 1, a z, 2)<=(B, b I, b z, p) if there is an immersion q~: A--,.B such that q~(ak)=b k 
( k = l ,  2) and 2(v)_-<p(~o(v)) for each vE V(A). Clearly, this is a quasi-order on 
J{", and our lemma is proved if we show that ~ '  is wqo by -<. Thus assume the 
conlrary and let (Ai, al, a~, 21) ( i= 1, 2 . . . .  ) be a minimal bad sequence of ()g", "<). 
Let NtC_N be the set of  all i such that the edge (al, a~) is in a separator of  A~. 

Case 1. Nl is infinite. 
For each iE N~, let S~ be the separator of  A~ that contains (al, a~). By Lemma 

5 (b), (c) there are just two branches .Bi,1, Bi, ~ of Si a n  A i and B i , k O S i ~ e K  z ( k=  
= 1, 2). Denote the vertices of B~kfqS~ by b~,k and b~k such that there are two 

t t r C disjoint bi.~,ai-paths Q~,k=Si (l_-<t, k-<_2; iENx). (This is possible since, by 
Lemma 5(a), S~ is either 2-connected or isomorphic to K2.) For all iENx, kE {1, 2}, 
let It i ~: V(B~ k)~Q be defined by pi.k(b},k):=2,(a~) ( t = l ,  2), pl.k(v):=2i(v ) 
for v'~b~k i ' t= l ,2) .  By Lemma 5(d), 7(b~k,B,k-(b~k,b~))=l ( l ~ t ,  k<-2; 
i~N~). From this one easily finds (using Q~,~, Q~.~) that (B/,~, bl,~, b~,~, p~,~)~_ 

2 t ~(Ai, al, a~, 23 (k = 1, 2; i~NO. Clearly, (Bi,~, ba.~, b~,~, p;,~)~off and 
[E(B~.~)[< [E(A~)[ ( k=  1, 2; i~N~). Thus we conclude from Lemma 2 (b) that 

(I)  for each k= 1, 2, the set ((B~.~, ~ b,,~, b,~, ~,~): i~N~} is wqo by -<. 

Let M:=  {1, 2 . . . .  ,6} and let M" be the set of  subsets of  M. Let <=t, be the 
trivial well-quasi-order on M'.  For all i~N~, v~ V(S~), define an (additional) label 
a~(v)(M" as follows. For each t~ {1, 2}, let t~a~(v) iff v=b~.~, let further 2 +  tE~r~(v) 
iff v=bl,~ and let 4+tEa~(v) iff v=a]. Let .~ be as in Lemma 6. Then, by Lemma 
1 (a) and Lemma 6 

(2) .~(Q>(M') is wqo by "<~e~M',~_^~_~). 

From (1), (2) together with the Lemmas l(a), 5(a) and the definition of ai(v), 
one concludes that there are j, m(N~ ( j < m )  such that 

(3) (BI. ~, b},~, b~.~, ltj,~) ~= (Bm.~, b~.~, ' b,.,~, It~,~), k = 1, 2, 

(4) there is an immersion ~k:Si~S ~ such that ~b(a~)=a~, O(b~,~)=b~,~ 
(1 -<k, t~2) ,  and 2j(v)~_2,.(~(v)) for each v~ V(S~). 

Let q~:Bi,~B.,,~ be an immersion according to (3), k=l ,2 .  Since 
¢p~(b~.~)=b'~,a=~b(b~.~) (l=<t, k-<2), we can define an immersion ¢p:At--.A,. 
which coincides with ~ on Sj and with ¢p~ on Bi,~-(b}.~, b~.~), k =  I, 2. Conse- 
quently, (Aj, a~, a~, 2j)_=(A.,, a.,, a.~, 2z) ( j < m ) ,  which contradicts the choice 

1 2 of the sequence (A~, a~, a~, 2~), i =  1, 2 . . . . .  This settles Case 1. 

Let N ~ = N  be the set of  all i for which there exists an edge (b~, b~)~E(A~- 
-(al, a~)) such that A~- {(a/, a~), (bl, b~)} consists of  two non-trivial components.  
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Case 2. N2 is infinite. 
Let (b~, by) be as in the definition of Nz and denote the components of  

Ai-{(al,  a~), (b~,b~)} by B~,B~; choose the notation such that ak, bkEV(B~) 
( k = l ,  2; iEN2). (This is possible since A i is 2-connected.) For all iEN2, kE{l, 2}, 
let A k be the graph with V(A~)= V(Bk)U {al} and E(Ak)=E(Bk)U {(a k, a~), (b k, a~)}, 
where IE{1, 2}, l#k .  (Note that ak#b~ since B k is non-trivial and At is 2-connec- 

k ~ .  . ted.) Each A k is 2-connected and clearly K4 ~ Ai _-12 K2.3, moreover IE(,4~)[ < IE(A31. 
Let 2 k be the restriction of 2 t to V(Ak). Clearly, (A k, a~, a~, 2k)-<(A/, a~, a~, 23 
( k =  1, 2, iEN2). Consequently, by Lemma l(a) and Lemma 2(b), there are j, mEN~ 
( j < m )  such that 

( 5 )  ~ ~ ~ k (A j,  a j, ay, 2j) "< (A k, a,, ~ , an,2, ;t~), k = I, 2. 

Let q0k: ,~j ,~,, be an immersion according to (5), k =  1,2. Define the immer- 
sion ~o: Aj~A, ,  as follows. Let q~ coincide with q~k on B~, k = l ,  2, and let further 
tp((a}, a~))=(a~, a,~). It remains to define q~((b}, b~)). For this, note that the path 
q)~((b~, a))) ( l~k)  must contain the edge (b k, a~), and therefore° Pk:=rpk((b k, a}))f-/ 
VIB k is a 9k(b}), bk-path, k =  I, 2. Thus wecan define (p((b}, bi)):=P~U(b~, b~)U 
UP2. Hence (Aj, a}, a~, 2j)'<(Am, a~, a~, 2m) ( j < m ) .  This contradiction settles 
Case 2. 

Case 3. Na U N2 is finite. 
Let C~ be the Hlmilton cycle of A~, iEN (see Lemma 4 (b)). Recall that iCN~ 

• • 1 2 1 1 2 t ( 1 )  _ _  2 Imphes that (at, at)EE(Ct), and let (xl =al, xt . . . .  , xi -a i )  be the path Ci-(a~,  a~) 
( iEN\NO. Let N a ~ N  be the set o f i  for which A~ is a triangle. Clearly, N3 must 
be finite• Let N4:=N\(N~UN2UN3). 

(6) For each iE N4, at least one of the following three conditions holds. 
(i) (x~, ~(°-~)E E(A,), (ii) (x~, xI"))E E(A~), (iii) (x~, ~u)-a)E E(A~). 

Proof. Assume that, for a certain iEN4, none of these conditions holds. If 
V(x~, A/)=7(x~, At)=2, then (since iCNz) At--{(aI, a~), (x~, ~)} would consist 
of  two non-trivial components, in contradiction to i¢ N.,. Hence we can pick an 
edge (xL x~)EE(Ai)\E(Ct) with vE {1, 2} such that ¢t is as large as possible. Note 
that #_<-t(i)-2 since, otherwise, (i), (ii) or (iii) would hold. Further, one concludes 
from L e m m a 4 ( c ) a n d  i~Nt  that (xf, x[)¢E(A3 for each j = p + 2  . . . . .  t(i). From 
this together with the choice of p, one concludes that At-{(a~, a~), (x~, xl'+l)} 
consists of  two non-trivial components, which contradicts i¢N2. | 

For each iEN4, let b~,ta .-xi'- t, b ~ :=x~ (°-x if(i)holds, let b~,~ "-.-xt,2 b~,t:=x~tO 
if (ii) holds, and let b~,~:=x~, b~,t.--,~t<°-t if neither (i) nor (ii) holds. Then 
(b~,t, b~.OEE(A3\E(C3. (For this, recall that A~ is not a cycle of length 4 since, 

2 • otherwise, iEN~.) Let S~ be the separator of A~ that contains (b~,a,b~,0, then 
there are exactly two branches Bt,~, B;,~ of St in At, and one branch, say Bt, a, 
contains (a~, a~). (Thus B~.t is a cycle of length three or four.) Denote the vertices 
of  Bi, .o ~ S~ by b~. ~, by. ~ such that there are two disjoint b t~,~, a~-paths in S~ UB~, 
( t=  1, 2; iEN~). As in Case 1, one finds that (with/zi, ~ defined as in Case I) 

(7) the set {(Bi.~., b~.~, bY, z, I~t,z): iE N~} is wqo by "<. 
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Clearly, there is an infinite subset N~ of N~ such that, for each i, jEN~, there 
t _ _  t is an isomorphism e:B~,toB~,~ such that cz(b~,~)-bj,~ and c~(al)=a~, t = l , 2 .  

Similar to the discussion of Case 1, one finds that there are j,  mEN~ ( j < m )  such 
that (i) (Bj,~,b ~ b ~ b: j,~, ~,~, l~.~)-<(B.,,2 . . . . .  ~, b,,,,~, ~,..2), (ii) there is an immersion 
O : S ~ S . ,  such that $(b},k)=b',.,k ( l ~ k ,  t~2 )  and 2i(v)~-2,.(~b(v) ) for each 
vE V(Sj), (iii) 2j(a~.)_<-2,.(a',.) ( t=  l, 2). From this, it follows that (Ai, a}, a~, 2i)'< 
_<.(A.,, a~, a~,., 2,.) ( j<m),  which is a contradiction. Hence Case 3 is settled. | 

Proof of Theorem 1. Let ~" be the class of connected graphs G with G~I=K~.3. By 
Lemma l(b) it is sufficient to show that J-d is wqo by "<. Let Z/d~ be the class of 
rooted graphs (A, a) with AEZ", aE V(A). For each nEN let us define a relation 
-<, on ~'U1 as follows. For (A, a), (B, b)E~U1, let (A, a) '<,  (B, b) if there exists an 
immersion ~p: A ~ B  together with n edge-disjoint ~p(a), b-paths Pi~_B (1 <-i<=n) 
such that E(P,)NE(q~(A))=O and V(P,)O{,p(v):vEV(A), v # a } = 0  (l_-<i_-<n). 
Further, let us write (A, a)<=(B, b) if there is an immersion ~p: A ~ B  with q~(a)=b. 
Note that in the definition of _<,, the paths P~ are allowed to have length 0; hence 
(A, a)<=(B, b) implies (A, a)____, (B, b) for each nEN. One easily finds that the 
relations ~ ,  and __< are quasi-orders. (In the present proof, we shall only be con- 
cerned with "<t, ___,, and -<.) Theorem i is proved if we show that Z#I is wqo by 
~ .  Thus assume the contrary and let (Ai, ai) ( i= 1, 2 . . . .  ) be a minimal bad se- 
quence of (gf'~, <t) .  Let 3f'~ be the class of rooted graphs (B, b) such that B is con- 
nec t ed ' and  (B, b)'<~(A~, a~) t\~r some iEN. Then .~f.~ is not wqo by ~2 (since 
(Ai, a~) ( i = 1 , 2 , . . . )  is a bad sequence of  ( ~ 2 , ~ 2 ) .  Let (Bi, b~) ( i = 1 , 2  . . . .  ) be 
a minimal bad sequence of (~{'~, ~ ) .  Let ~ ,  be the class of rooted graphs (C, c) 
such that C is connected and (C, c)-<2 (B~, bi) for some iEN. Then u~{'~ is not wqo 
by "<. Let (Ci, c~) ( i=1,  2 . . . .  ) be a minimal bad sequence of  ( ~ ,  ~ ) .  Let f ,  g 
be functions N ~ N  such that (Ci, ci) "<~ (Bs~ ~, bf~i)) and (Bi, bi)~1 (Aa( O, ao~ O) 
( i=1,  2 . . . .  ), and define h(i):=g(f(i))  ( i=1,  2 . . . .  ). Moreover, we may assume 
that the graphs C~ ( i= 1, 2 . . . .  ) are disjoint. 

Let N~:={iEN:c~ is a cut vertex of C~} and N=:= {iEN: ?(c, C3=I}.  
We claim that 

(1) N, UN, a isfinite. 

Proofi First, assume that N1 is infinite. For each iEN1, let ckC=ci ( k = l ,  2) such 
that CiI ~Cr=ci,° C~' UC~2=C~ and [E(C~')[ < [E(CI)] (k= 1, 2). Then (C k, c ; )~ 
"<(Ci, el). Moreover, C~ is connected, (C k, ei)'<2 (Bj-(i~, b j-c;)), and therefore 
C~'E0ffa. Hence by the minimality of the sequence (Ci, ci) ( i= 1, 2 . . . .  ) together 
with Lemmas 1 (a) and 2 (b) there are j', mEN ( j < m )  such that (C }, cj)'<(Ck,, %) 
( k = l ,  2). Hence (Ci, cj)<=(C,,, %) ( j < m ) ,  in contradiction to the choice of the 
sequence (C,, el) ( i= I, 2 . . . .  ). Thus ]71 is finite. Next assume that N2 is infinite. 
For each iEN~, let C;:=C~-ci and let c[E V(C[) be the unique neighbour of c~. 
Then (C', e/ ')~t (C,, c~)-<1 (A~(~), ah(,}), (C[, c~)E~-{'~ and [E(C')I < [E(C3[ <-- 
<= ]E( Ah(~))[ (iEN~,). Hence, by the minirnality of the sequence (A~, a~) ( i= 1, 2, ...) 

. t t . ~  , t together with Lemma 2 (b), there are j, mEN., (j-<m) such that (Cj, c~)=a (C" %). 
From this one easily concludes that (Cj, ei)'<(C~, c,,), which is a contradiction. 
Hence N~. is finite and thus (1) is proved. II 
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Let Ns:=N"x(NtUN~). Let Dl be the unique block of  Cl with ctEDi (iENa). 
For each iEN3 and each zE V(D~), let ~ be the set of rooted graphs (Y, z) such that 
Yis a branch of  D; in Ci with zEY. Further, if °3tz~0, let Uz be the union of  the 
graphs Y with (Y, z)E~z; if aJz=0, let U,=z. If y(z, Y ) ~ 2  for each (Y, z)E~,,  
then z is called a vertex of type 1 ; otherwise z is called a vertex of type 2 (zE V(D~), 
iEN3). Let ~ be the set of rooted graphs (U,, z) such that z is a vertex of  type t 
(t = 1, 2). We claim that 

(2) ~ i  iswqo by "<. 

(3) ~2 is wqo by "<2. 

Proof of(2). Let o2/= U oy~ where the union is taken over all vertices z that are 
of type 1. First we show that 0~ is wqo by -<. This is clear if ~¢=0. Hence assume 
that a J ~ 0  and let (Y, z)E°2¢, zE V(D~). Then one easily finds that (Y, z)'<(Ci, ci). 
(For this use the facts that ~(z, Y)=<2 and that D~ is 2-connected.) Clearly, IE(Y)I< 
< IE(C31 and (Y, z)EX:3. Thus, by the minimality of the sequence (Ci, cl) ( i= 1, 2 . . . .  ) 
to~ether with Lemma 2(b), ~ is wqo by _ .  Hence, by Lemma 1 (b), °3t* is wqo by 
-<*. One easily verifies that this implies (2). II 

Proof of(3). For (U,, z)E~2, zE V(D~), one easily finds that (U~, z)_~ (Ci, c;)-<~ 
"<2 (Bj-~i), bs(i~), (U~, z)~Jf2 and IE(U~)I < [E(C~)I-~ [E(B.r(1))I. Hence (3) follows 
from the mirfimality of  the sequence (B~, b~) ( i= 1, 2 . . . .  ) together with Lemma 2 (b). 
For each zEV(Di), define the label 2i(z)E.~':=.~lU.~2 by 2i(z):=(U,,z ) (iENz). 

I 
For (Z, z), (Z', z ')E~,  let (Z, z)-< + (Z' ,  z') if and only if either (Z, z), (Z', z')E.~1 
and (Z, z)-<(Z', z'), or (Z, z), (Z',  z')E~e2 and (Z, z)-<2 (Z' ,  z'). Clearly, by (2), 
(3) and since ~elN~2=0,  .~ is wqo by "<+. Further, let S={0,  1} and let -~tr 
be the trivial wqo on S. For zE V(D~), let p~(z)= 1 if z=ci, and pi(z)=0 other- 
wise (i~N~). Let ~ be the class of 2-connected graphs G wilh G>_~__K~,s. Then one 
finds as a consequence of Lemma 7 that N is well-behaved. Consequently (since 
each Dr is in @), we can find j, mENn ( j < m )  such that there is an immersion 
q):D~--*-D,,, with 2~(z)'<+2m(qg(z)) and pj(z)<-_t~p,,(~o(z)). Hence, if zEDj is a 
vertex of type 1, then there exists an immersion ~ :  U,-U,~,) with O, (z) = qg (z), 
and, if zEDj is a vertex of type 2, then there exists an immersion Oz: U,~U~,(,) 
together with two ~k~(z), ~0(z)-paths p~,~, p,,~. c= Uet,) according to the definition 
of  "<~. Further, q~(cj)=c~. 

If  zE V(Dj) is of type 2, then it follows from Lemma 3 that there are just two 
edges of  D~- that are incident with z. Call these edges e~,~, e~.~. Now we can define 
an immersion ~ :  C ~ C , ,  as follows. For each U~ (zE V(D~)), let • coincide with 
O~- Let e=(x ,  y)EE(Dj). If both x and y are of  type 1, then let ~ (e) := qg (e). If  
x is of type 1 and y is of type 2, then e=er, ,  for a certain tE{l, 2}; in this case let 
,~(e):=~o(e)UP~, t. If both x and y are of  type 2, then e=e~,~=e~,~ for certain 
s, tE{t, 2}; in t~lis case let ~(e):=q~(e)UP:,,~UPya. The reader may convince 
himself that this defines an immersion ¢:C~- 'Cm- Moreover, cj and cm are of  
type 1 (because j, rn¢ N~), and therefore ,~(ej)=q)(cj)=e,,. Hence (C~, e~)-<(C,,, cm) 
( j<rn) ,  in contradiction to the choice of  the sequence (Ci, q) ( i=1,  2, ...). II 
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4. Another result on well-quasi-ordering by immersion 

For a class ~' of graphs, let us denote by [~] the class of connected graphs 
G such that each block of G is a member of 9~. 

Theorem 2. For k= 1, 2 . . . . .  let c~g be the class of k-regular, k-edge-connected 

graphs, and let f# := ~J f#~. Let ~ be a subclass of f# that is well-behaved. Then 
k = l  

[~]  is wqo by -<. 

For example, the following subclasses of c5 are well-behaved (by Lemma 1). 
(i) The class of complete graphs K, (n->2), (ii) the class of cycles, (iii) the class of 
complete bipartite graphs K,,, (n=>l). Clearly, the union of a finite number of 
well-behaved classes is also well-behaved; thus the result mentioned in the abstract 
follows. 

Proof of Theorem 2. For a class d of graphs and a quasi-order (Q, <=) let us de- 
note by dQ the class of rooted labelled graphs (A, a, 2) where AEd,  aE V(A) and 
2: V(A)-~Q. For (A, a, 2), (B, b,/t)EdQ, let (A, a, 2)-<~Q._~) (B, b, p) if there 
exists an immersion ~o:A-~B such that ).(v)<=p(~p(v)) for each vEV(A) and 
~p(a)=b. ('<~e. ~ is a quasi-order on ~'Q.) First, we shall prove the theorem under 
the additional assumption that 9~NCSR~0 holds only for a finite number of k. 
In order to make induction work, we shall, in fact, prove the following. 

t 

( . )  I f  g~c= (_J f#ks for certain integers kl<k2<...<kt (tEN) and if (Q, ~_) 
j = l  

is a well-quasi-order, then [~]Q is wqo by ~Q, a_~. 

Assume the contrary. Let s be the least positive integer t for which ( . )  is false, and 

pick kl<.. .<ks,  ~c= U ~kj and a well-quasi-order (Q, ~ )  such that [~']o is 
J = l  

not wqo by -<~Q ~). For simplicity, we write <o for -<~Q, _~). Let (A~, a~, 2~) (i= 
= 1 , 2  . . . .  ) bea'n'/inimal bad sequence of ( [ ~ ,  "<o). W.l.o.g. assume that the 
graphs A~ are disjoint. For each iCN, let B~ be a fixed block of A, with a.~B~ and 
let .4~=D B~ be the uniquely determined subgraph of A~ such that (i) .4~ is the union 
of B~ with some other blocks of A, each of which is not in ffk,, (ii) .~, is connected, 
(iii) .4~ is maximal with these properties. 

For i~N, let Z be a branch of A~ in A~. Then ZfqJ~ is a single vertex z. Let 
~: V(Z)~Q be defined by ((z):=2i(ai) and ((v):=2i(v) for v¢z.  Then (Z,z,~) 
is called a rooted labelled branch of .7t~ in A~. Let ~e be the set of all rooted labelled 

branches of A, in A~ (i= 1, 2 . . . .  ) and .~':= ~ *z~. Clearly, . ~  [&]q and IE(Z)I < 
~=~ 

< IE(&)I for each (Z, z, ~ ) ~  (i6N). Moreover, one easily verifies that (Z, z, ~)'<o 
~0 (A~, a,, 2i) for each (Z, z, ( ) ~ i  (i~N). (For this note that the uniquely deter- 
mined block of Z that contains z must be a member of aJkx and, consequently, 
7(z, Z)=k~. Further, note that it follows from k~_k~ ( j = l  . . . . .  s) that we can 
find k~ edge-disjoint z, a~-paths in A~. Use these facts to find an appropriate immer- 
sion q~: Z-~A~.) Hence by Lemma 2(b), ~ is wqo by "<o, and consequently by 
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Lemma 1 
(1) QX.o~e* is wqo by ~ A ~ .  

Let ~ ' : = ~ \ f f , , .  I f  s = l ,  then ~ ' = 0  and the statement (2) below is trivial; 
otherwise (2) is a consequence of (1) and the minimal choice of s. 

(2) [~¢']Qxz~* is wqo b), ~(Qxzr*, _~A~_*). 

Let oh' be the union of [~']Qxa-* with the class of rooted labelled graphs consisting 
of a single vertex which is labelled by an element of Q × ~ * .  Write "<i for the 
quasi-order ___¢Q×zr*. ~-^-~D defined on 0g. It follows from (1) and (2) that 

(3) all is wqo by "<1. 

For zE V(,4i), let /ai(z)E.~* be defined as the set of rooted labelled branches of -41 
in Ai which have z as their root (iEN). For xE V(Bi), let U~ be the union of all bran- 
ches of B~ in ,4~ which contain x, provided that at least one such branch exists; 
otherwise, let Ux=x. Further, let ~ :  V(U~)- , -Q×~* be defined by ~x(z):= 
:=(2,(z), p,(z)) (zE V(U:,)). Then (U~, x, ~)E°'// (xE V(Bs), iEN). Consequently, 
by (3) and since ~ is well-behaved, we can find j, mEN ( j < m )  together with an 
immersion ~: Bj--B,,  such that (i) (Ux, x, ~.0=<i (U¢,(~), ~p(x), ~,(~)) for each 
xE V(Bj), and (ii) ~(a j )=a  m. (For (ii), use the usual labelling technique which 
assigns 1 to the root a~ and 0 to all other vertices of B~, i=1 ,  2 . . . .  ; see also the 
proof of Theorem 1.) Now, it is a matter of routine to verify that this implies 
(Aj-, aj, J.j)'~0(hm, am, 2,.). This contradiction proves ( , ) .  

In order to complete the proof of Theorem 2, let G~E[~'] ( i=1, 2 . . . .  ). Let 
c# be the class of graphs that occur as a block of one of the ~raphs G~ (i->_2). If  
cgfqf~k~0 holds only for a finite number of k, then one concludes from ( , )  that 
G~ ( i= 1, 2 . . . .  ) is good. If  ~(q~k;~0 for infinitely many k, then c# contains mem- 
bers of arbitrarily high regularity, and thus we conclude from a theorem of Mader 
[8] that there is a CECg which contains a subdivision of a complete graph with [ v(a01 
vertices. Hence Gx'KG~ for some i=>2, which proves that G~ ( i= 1, 2 . . . .  ) is good. II 

Added in proof: Recently Robertson and Seymour proved that even the class of all 
finite graphs is wqo by the minor inclusion relation. In particular this implies that 
V~izsonyi's second conjecture is also true. 
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